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 r = b - A  is often used as measure of the accuracy of solution.  The

size of the residual can be related to the size of the of A and  :
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"146��@8R
>.�8/ "�@K/*��-.!#S
Ü �89
9��J�

n
�8-5Y8�8!J:^�879,@8��2#@8X^&

Ah
R
�1"3�8!M@89��
"�R
�

Xpq(ih,jh)
GI-.9��H9��J��7A@8�,�,�
254'@K!#"
-.!MYc4'@
25&

-.9�-.:;�V�8-5Y8�8!J:D��>.B��32
υpq
E
p, q = 1, 2, ..., n-1

S
¾^��@8/Ú9��J� "3�8X�-.!J-[!#YZ�,�8>5��9�-5@K!

(B.2) -AhXpq = upqXpq

GI�a�M��:;�

(B.3) Xpq = sin(pih)sin(qih) p, q = 1, 2, ..., n-1

(B.4) υpq = F(1,h2)(2cos(ph) + 2cos(qh) - 4) p, q = 1, 2, ..., n-1

������/*��9���-.UZ&
Ah
�#�F2#"3-5�FY^@K!#��>_�K>.�8/P�8!J9,2J�
t�B'��>_9,@�w;SQ§�X^9��J�1"3-5�FY^@8!M��>_�K>.�8/=�K!J9,2#������46�K��&

9�B6��R
�
" R
�H9��J�0�F"�"3-.9�-5@8!L@KX#�W25/*��>.>34'@325-.9�-.:;�V7N@K!#259,��!J9
ε
E

ε �C� h
EF9��J�V���325B6>.9�-.!#YZ/*��9��,-.U�&

Ahε
�#�F2��K-5Y��K!J:;�879,@K��2Ckm¨CS ¤;omE;��!#" �8-5Y8�8!J:D��>.B��32

(B.4)υpqε = F(1,h2)(2cos(ph) + 2cos(qh) - 4 - ε)p, q = 1, 2, ..., n-1

i "�"3-.9�-5@K!#��>.>.�^EO&
Ahε

-52D25�^/=/=�K9��,-.7M4'@
25-.9�-.:;�Z"
�KX�-.!J-.9��Wk��F2;-?2;&
Ah
o�SJ���J�

n
�K-5Y��K!J:Q��>.B6�
2

υpq
D ' E υpqε

/{���HR^�V>5��R
�8>.�3"�25�
t�B6�8!J9�-5��>.>.�0X���@K/urT9,@
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λ ÎF) υ ÎÐÎ E;S¬S¬S�E λn ) υN
Ë¬Î

N
Ë¬Î

�����a�K-5Y��K!J:;�879,@8��2Ckm¨CS ¤;oN7A��!IR^�V!#@K��/*��>.-.hF�3" 9,@aB6!J-.9��F&�!#@8�,/Ú>.�K!#Y�9��L��!#"�@8��"3�8�,�
" -.!25B67O�=�'GL���09��#��9^9��J�
n
U
n
/*��9��,-.U]@8X;�8-5Y8�8!J:;�K79,@8��2

U
-52~B6!J-.9,�����
E^��!#"|"3-5�FY
@8!#��>.-.hF�32

Ahε
E

��!#" 9��J�a�K-5Y��K!J:Q��>.B6�
2'����� @8��"
�K�,�
" X���@K/Ú>5����Y��
259�9,@ 25/*��>.>.�3259 Û

. (B.5) UTAhεU = Λε, UTU = I

(B.6) diag(Λε) = [λε1 ... λεN]T, λε1 > λε2 >  ... > λεN

�����8!

(B.7) x = UΛ-1UTb, xε = UΛε-1UTb

�T��g
�a!#@K��/{2�9,@aR
�a�F&�!#@K��/*2´STp1�8X�-.!��a9��J�V���K>5��9�-.:;�a�K�,��@K�
∆e
@8XJ9��J� 2f@8>.B69�-5@8!+@8XJ9��J�V46�8�,&9�B6��R
�
"�25�D259��K/ÚR
�

∆e =  F(||x-xε||,||x||)

9��J�K!

∆e =  F(||UΛ-1UTb-UΛε-1UTb||,||x||)

=  F(||U(Λ-1-Λε-1)UTb||,||x||)

<  F(||Λ-1-Λε-1||||b||,||x||)

�����C�F&�!#@K��/ë@KX_9��J�'4C@325-.9�-.:;�a"
-?�FY^@8!#��>K/*��9��,-.U
L ê Λ-1& Λε-1

-52
9��J�'>5����Y8�
259N�K>.�8/=�K!J9J@8X
L
S)6B�9��

pq ê �F7A@
2´k ph
oJé �F7A@
2fk

qh
o
.
���J�a>?����Y��3259��8>[�8/=�K!J9M@8X

L
-52�9��J�K!

||L|| =  A(max,pq)  |υpq-1 - υpqε-1|

=  A(max,pq) F(ε,(Cpq  - 4)(Cpq - 4 - ε))

GI�J-.7�L@K7O7B6��2�GI�J�K!
pê qê rFST���J�K!

||L|| = F(ε,(4cos(h) - 4)(4cos(h) - 4-ε)) ≅  Φ(εh4,4) ≅  Φ(εn2,4)

n @
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∆e = F(||x-xε||,||x||) < F(εn2||b||,4||x||)

§�X

F(||b||,||x||) = O(1)

9��J�K!

∆e< εn2
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